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Abstract
We present a framework which unifies a large class of non-commutative spacetimes that can be described
in terms of a deformed Heisenberg algebra. The commutation relations between spacetime coordinates
are up to linear order in the coordinates, with structure constants depending on the momenta plus terms
depending only on the momenta. The possible implementations of the action of Lorentz transformations on
these deformed phase spaces are considered, together with the consistency requirements they introduce. It is
found that Lorentz transformations in general act nontrivially on tensor products of momenta. In particular
the Lorentz group element which acts on the left and on the right of a composition of two momenta is
different, and depends on the momenta involved in the process. We conclude with two representative
examples, which illustrate the mentioned effect.
1. Introduction
The framework of Quantum Field Theory1
(QFT) has been extremely successful in predict-
ing new phenomena and reaching great accuracy in
the description of known phenomena. This frame-
work, however, is based on a fixed kinematic struc-
ture given by the background spacetime on which
the matter fields propagate. In the most success-
ful applications of QFT this background is assumed
to be Minkowski space M1,3. Such a structure is
untenable if we want our description of physics to
be valid up to energies of the order of the Planck
scale Ep ∼ 10
28eV . At these energies gravita-
tional effects become important, and a naive effec-
tive description involving quantum fluctuations of
the gravitational field around a Minkowski back-
ground turns out not to be renormalizable [1], sig-
nalling that the theory needs an unknown ultravi-
olet completion.
A possible insight towards progress comes from
2+1 dimensional Quantum Gravity, which is a
topological theory without local, propagating de-
grees of freedom. If this theory is coupled to a scalar
1Or rather Effective Field Theory.
field, and the topological degrees of freedom of the
metric are integrated away, one ends up with an ef-
fective theory for the scalar field on a background
which is not Minkowski space [2, 3]. The back-
ground geometry is noncommutative, in the sense
that the algebra of functions over this background
is not abelian.2
This opens up the possibility that the sought-
after UV completion of Quantum Gravity might
not be found by simply changing the field content
or the symmetries within the traditional scheme of
QFT on a classical background. It may be nec-
essary to generalize QFT to Noncommutative QFT
(NCQFT), in which the kinematical structure is not
simply given by a spacetime background, but it is
encoded in some nontrivial commutation relations.
It becomes then necessary to understand the
types of noncommutative spaces that are the can-
didates to play the role of background for NCQFT,
the kinematic structures they encode, and their
symmetries. Usually a noncommutative spacetime
is defined by specifying the commutation relations
for a coordinate basis, xˆµ, µ = 0, ..., 3. The three
2For the meaning of noncommutative spacetimes,
read [4].
Preprint submitted to Elsevier February 25, 2018
most popular types of commutation relations con-
sidered in the literature are (i) Lie-algebra type [5],
(ii) Moyal type [6, 7] and (iii) Snyder type [8]:
(i) [xˆµ, xˆν ] = ixˆαCµν
α, Cµν
α ∈ R
(ii) [xˆµ, xˆν ] = iΘµν , Θµν ∈ R (1)
(iii) [xˆµ, xˆν ] = isMµν , s ∈ R
where Mµν is the generator of Lorentz transforma-
tions.
In this paper we introduce a framework which
includes all the cases of eq. (1) as sub-cases, and
is capable of describing much more general cases.
This framework is based on the idea that any non-
commutative algebra can be obtained as a particu-
lar nonlinear realization of the Heisenberg algebra.
2. Deformed phase space
We start with the Heisenberg algebra H, which is
a unital algebra generated by the eight generators
xµ, pν , µ, ν = 0, 1, 2, 3. The commutation relations
are [xµ, xν ] = 0, [pµ, pν ] = 0, [pµ, xν ] = −iηµν ,
where η = diag(−1, 1, 1, 1).
A nonlinear change of basis allows us to define a
set of generically noncommutative coordinates:
xˆµ = xαϕ
α
µ
(
p
M
)
+ 1
M
χµ
(
p
M
)
, (2)
where M is a constant with the dimensions of a
mass which parametrizes the magnitude of space-
time noncommutativity (and is expected to be of
the order of the Planck mass). Assuming that
at large distances (or low energies) the effects of
noncommutativity become irrelevant, and the gen-
erators (2) coincide with xµ, we can impose the
‘boundary conditions’ ϕαµ (0) = δ
α
µ and χµ (0) =
0. If we assume ϕαµ to be an invertible ma-
trix, the inverse relations to (2) exist: xµ =
(xˆα − χα) (ϕ
−1)αµ.
Changing base from xµ to xˆµ leads to the de-
formed Heisenberg algebra Hˆ:
[xˆµ, xˆν ] =
i
M
xˆαCµν
α
(
p
M
)
+ i
M2
Θµν
(
p
M
)
,
[pµ, xˆν ] = −iϕµν
(
p
M
)
, [pµ, pν ] = 0,
(3)
where Cµν
α = (ϕ−1)αβ
(
ϕγµ∂γϕ
β
ν − ϕ
γ
ν∂γϕ
β
µ
)
and Θµν = −χα(ϕ
−1)αβ
(
ϕγµ∂γϕ
β
ν − ϕ
γ
ν∂γϕ
β
µ
)
−
ϕγµ∂γχν + ϕ
γ
ν∂γχµ, where ∂γ = M
∂
∂pγ
. The
generalized Jacobi relations are satisfied by con-
struction. The commutators (3) of xˆµ unifiy into
a single formalism the three kinds of noncommu-
tative spaces which have been considered in the
literature, listed in eq. (1).
From now on we will work in units in whichM =
1.
We can define the subalgebra A ∈ H of commu-
tative coordinates as A = span(xµ). We can define
a left-action of ⊲ : H ⊗ A → A with the following
axioms [9]:
f(x) ⊲ g(x) = f(x)g(x),
pµ ⊲ f(x) = [pµ, f(x)] ⊲ 1,
pµ ⊲ 1 = 0,
(4)
for all f(x), g(x) ∈ A. This left-action corresponds
to an action by multiplication of coordinates: xµ ⊲
f(x) = xµf(x), and an action of momenta by left-
derivative: pµ ⊲ f(x) = −i
∂f
∂xµ
. The action ⊲ is an
left algebra homomorphism, which means that it
respects the product of H so that (ab) ⊲ f = a ⊲ (b ⊲
f). So any product of pµ’s and xµ’s in a particular
order will act on f by applying derivatives and left-
multiplications in the corresponding order.
It can be proven explicitly [9, 10, 11] that
eik·xˆ ⊲ 1 = eiK(k)·x+ig(k), (5)
where k ∈ M1,3 and K : M1,3 → M1,3 is an in-
vertible map Kµ(K
−1(k)) = kµ and g :M1,3 → R.
For any function f(x) ∈ A that can be Fourier-
transformed f =
∫
d4kf˜(k)eik·x we can define, us-
ing relation (5), an element fˆ ∈ H such that
fˆ ⊲ 1 = f(x). This allows us to introduce a non-
commutative star-product ⋆ : A⊗A → A:
f(x) ⋆ g(x) =
(
fˆ gˆ
)
⊲ 1 = fˆ ⊲ g(x). (6)
The ⋆-product beween exponentials is [12]
eik·x ⋆ eiq·x = eiK
−1(k)·xˆ ⊲ eiq·x. (7)
This is used to determine the composition law of
momenta, which is physically relevant as it deter-
mines how particle momenta are conserved in ver-
tices.
3. Deformed composition of momenta
With an explicit calculation, one can prove the
following relation (see [10, 11])
eik·xˆ ⊲ eiq·x = eiP(k,q)·x+iQ(k,q), (8)
2
where, from Eq. (5), we see that Kµ(k) = Pµ(k, 0)
and g(k) = Q(k, 0). Using the homomorphism
property of ⊲ we can deduce the following relation:
e−iλk·xˆpµe
iλk·xˆ ⊲ eiq·x = Pµ(λk, q)e
iq·x. (9)
where λ ∈ R. Differentiating such a relation with
respect to λ leads to
dPµ(λk, q)
dλ
= ϕµ
α (P(λk, q)) kα, (10)
notice that Pµ only depends on ϕµ
α. We can deter-
mine Q by differentiating wrt λ the following mod-
ification of relation (9):
e−iλk·(xαϕ
α
µ(p))pµe
iλk·xˆ ⊲ eiq·x
= Pµ(λk, q)e
iq·x+iQ(λk,q) ,
(11)
and using (10), one gets
dQ(λk, q)
dλ
= kαχ
α (P (λk, q)) . (12)
We can see how Q does depend on χµ, and it is zero
if χµ = 0.
The differential equations (10) and (12) deter-
mine Pµ and Q, if supplemented with the bound-
ary conditions Pµ(k, 0) = Kµ(k), Pµ(0, q) = qµ,
Q(k, 0) = g(k), Q(0, q) = 0, Kµ(0) = 0, g(0) = 0.
Using Eq. (5) and (8), we conclude that the star-
product between two plane waves is
eik·x ⋆ eiq·x = eiK
−1(k)·xˆ−ig(K−1(k)) ⊲ eiq·x
= eiP(K
−1(k),q)·x+iQ(K−1(k),q)−iQ(K−1(k),0).
(13)
The generalized addition rule for plane wave mo-
menta is then
(k ⊕ q)µ = Dµ(k, q) = Pµ
(
K−1(k), q
)
, (14)
where Dµ(k, 0) = kµ and Dµ(0, q) = qµ.
4. Coproduct, twist and star product
Let us introduce the coproduct of momenta [9]
∆pµ = Dµ (p⊗ 1, 1⊗ p) , (15)
and the twist element [13, 14]
F−1 =: ei(1⊗x
µ)(∆−∆0)pµ+iG(p⊗1,1⊗p) :
=: ei(1⊗x
µ)(∆−∆0)pµ : eiG(p⊗1,1⊗p),
(16)
where ∆0pµ = pµ ⊗ 1 + 1 ⊗ pµ is the undeformed
coproduct, G(k, q) = Q(K−1(k), q)−Q(K−1(k), 0),
and : : denotes a normal ordering prescription in
which the coordinates xµ stand at the left of the
momenta pµ. The twist F
−1 is determined up to
the right ideal I0 defined by [14, 15]
m (I0(⊲⊗ ⊲)(f ⊗ g)) = 0 ∀f, g ∈ A (17)
where m : H×H → H is the multiplication map of
the algebra H.
The star-product is then defined as
(f ⋆ g) (x) = m
[
F−1 (⊲⊗ ⊲) (f ⊗ g)
]
. (18)
Note that if [xˆµ, xˆν ] = 0, equation (3), then the star
product is commutative and associative but gener-
ally non-local. If Cµν
α
(
p
M
)
or Θµν
(
p
M
)
depend on
momenta, then the star product is non-associative.
The following identities hold:
xˆµ = m
[
F−1 (⊲⊗ 1) (xµ ⊗ 1)
]
, (19)
and
fˆ = m
[
F−1 (⊲⊗ 1) (f ⊗ 1)
]
, fˆ ⊲ 1 = f, (20)
where f ∈ A. Then consistency requirements im-
pose
∆pµ = F(∆0pµ)F
−1 = Dµ(p⊗ 1, 1⊗ p), (21)
in accordance to Eq. (15).
The undeformed phase space generated by xµ, pµ
has the structure of a Hopf algebroid [14, 16], while
the appropriate structure of the deformed phase
space generated by xˆµ, pµ is that of a twisted Hopf
algebroid, defined by the twist element F in equa-
tion (16) [14, 15, 17] This is a generalization of the
structures of Hopf algebras. [18].
5. Lorentz symmetry
The deformed phase space structures introduced
above are not necessarily Lorentz-invariant in a
naive way. The introduction of the energy scale
M into the structure of space time/phase space
is incompatible with standard Lorentz symmetry,
but, as is well-known after a few decades of studies
of noncommutative spacetimes, this does not im-
ply that the relativistic equivalence between inertial
frames is lost. In many cases, a ‘deformed’ action
of the Lorentz group allows to restore relativistic
3
invariance [19, 20, 21] (another type of noncommu-
tativity involving spin, not considered here, allows
to leave Lorentz symmetry undeformed [22, 23, 24].
In the present paper we are only concerned with
the orbital part of the Lorentz group). A common
assumption in this framework is that the Lorentz
group itself (i.e. the commutation relations be-
tween the Mµν generators) is not deformed (this
is justified by the fact that a dimensionful param-
eter like M−1 cannot enter the algebraic structure
of the Lorentz group). What is deformed is the ac-
tion of the group on noncommutative coordinates
xˆµ and momenta pµ, and on composed momenta
(see below). Typically, there are several possible
realizations of the action of the Lorentz group on
our deformed phase space [25], and we want to
‘parametrize our ignorance’ by writing the most
generic one and then constraining its free param-
eters. To this end, we employ the trick of introduc-
ing a nonlinear realization of Heisenberg’s algebra
by performing a momentum-dependent similarity
transformation on H:3
Pµ = Σµ(p), Xµ = xαΨ
α
µ(p) + hµ(p), (22)
if the functions Σµ(p) and Ψ
α
µ(p) are constrained
by
∂Σµ
∂pα
Ψαν = ηµν ,
Ψγµ
∂Ψβν
∂pγ
−Ψγν
∂Ψβµ
∂pγ
= 0,
(23)
in order that the basis (Pµ, Xν) generates an unde-
formed Heisenberg algebra, [Pµ, Pν ] = [Xµ, Xν] =
0, [Pµ, Xν ] = −iηµν .
Because the new basis satisfies undeformed com-
mutation relations, we can introduce a generator of
infinitesimal Lorentz transformations as
Mµν = XµPν −XνPµ, (24)
and we will be ensured that the commutation rela-
tions between Mµν and itself will close an so(3, 1)
algebra, and their action on Xµ and Pµ will be un-
deformed. However, the action of Mµν on xˆµ and
pµ is given by:
[Mµν , pρ] = pαΦ
α
µνρ(p),
[Mµν , xˆρ] = i (xˆαΓ
α
µνρ(p) + Ξµνρ(p)) ,
(25)
3This trick has been recently employed in the perturba-
tive analysis of [21], which concentrated on the possible de-
formed kinematical structures, independently of the under-
lying noncommutative space.
where Φαµνρ(p), Γ
α
µνρ(p) and Ξµνρ can be ex-
pressed in terms of Σµ(p), Ψ
α
µ, hµ(p), ϕ
α
µ(p) and
χµ(p).
The Casimir operator is of course C = PµP
µ =
Σ2(p). The coproduct of the Lorentz generator is
∆Mµν = F (∆0Mµν)F
−1, (26)
where ∆0Mµν =Mµν(∆0x,∆0p), which is not nec-
essarily a primitive coproduct (because Mµν de-
pends in a complicated way on xµ and pµ).
If we use the inverse relations of (22) and ex-
press the generators xˆµ in terms of Xµ, Σν , we call
xˆµ(X,P ) the ‘natural realization’.
6. Constraints on the Lorentz sector
κ-Poincare´ is a Hopf algebra first introduced
in [26], and it is the most-studied Hopf-algebra de-
formation of relativistic symmetries. This algebra
fits within our general framework (see our second
example below). κ-Poincare´ possesses a so-called
‘bicrossproduct structure’ [27], meaning that both
the algebra and the coalgebra are a semidirect prod-
uct of a momentum sector with the Lorentz alge-
bra, and this structure implies the existence of a
co-action (or ‘backreaction’) of the momentum sec-
tor on the Lorentz part, which is a novelty of the
model. The discovery of the bicrossproduct struc-
ture was instrumental in identifying the noncom-
mutative spacetime this Hopf algebra acts covari-
antly on, the so-called κ-Minkowski spacetime [27].
Later the phenomenon of ‘backreaction’ was given
a physical interpretation [28]: it is the fact that,
to boost in a covariant way a set of particles par-
ticipating in a vertex, one needs to transform each
particle momentum with a different rapidity. Each
rapidity will depend on the momenta involved in the
vertex, with some rules defined by the co-action of
κ-Poincare´. It was later realized [20] that a simi-
lar momentum-dependence of Lorentz transforma-
tions is a general feature of deformed relativistic
kinematics, and is not limited to the Hopf-algebraic
framework of [26, 27, 28]. In fact there is a physical
reason why such an effect is a necessity, which has
to do with the fact that in our deformed kinemat-
ics both the composition law of momenta, ⊕, and
the Lorentz transformation rule (25) are nonlinear
in the momenta. Consider an infinitesimal Lorentz
transformation (or rotation) of a particle momen-
tum with rapidity parameters ωµν (these are just
4
infinitesimal antisymmetric matrices). We can cal-
culate its explicit form, at first order in ωµν , by us-
ing the fact that the generators Pµ transform clas-
sically:
P ′µ = Pµ +
1
2
ωρσ[Mρσ, Pµ] = Pµ + ωµ
σPσ, (27)
then we know what the action on pµ is:
p′α = Σ
−1
α [Σµ(p) + ωµ
σΣσ(p)] , (28)
which is in general a nonlinear function of pµ. Ex-
panding this function at first order in ωµν :
p′α = pα + ω
ρβΣβ(p)∂ρΣ
−1
α (p) = Λα(ωµν , p). (29)
The relation above can be found explicitly, at first
order in M−1 and all orders in the rapidity param-
eter, see [29]. By introducing the function Λ we
are seeing the infinitesimal Lorentz transformation
as a map from the rapidity parameters ω and the
momenta p to the momenta p′. In general, such a
transformation rule will not leave the generalized
addition law of momenta invariant:
Λ(ω, k ⊕ q) 6= Λ(ω, k)⊕ Λ(ω, q). (30)
As observed first in [28], this is physically inconsis-
tent,4 but can be fixed by observing that Eq. (30)
is implicitly assuming that the three momenta k, q
and k ⊕ q all transform with the same rapidity ω.
We can cure this pathology, by assuming that the
rapidity, with which each momentum in Eq. (30)
(i.e. k, q and k ⊕ q) transforms, depends on the
momenta involved in the vertex:
Λ(ω,k⊕ q) = Λ(ω(1)(k,q),k)⊕Λ(ω(2)(k,q),q). (31)
The equations above impose a series of constraints
on the functions ω(1)µ
ν(k, q), ω(2)µ
ν(k, q), Dµ(k, q)
and Λµ(ω, q). In [20] these constraints were cal-
culated in a perturbative setting (at first order in
M−1 and assuming undeformed rotational symme-
try). The constraints found were enough to com-
pletely fix ω(1)µ
ν(k, q) and ω(2)µ
ν(k, q), and to es-
tablish a few relationships between the parameters
of Dµ(k, q) and Λµ(ω, q).
5
4e.g., it would imply that processes that are kinemati-
cally forbidden in one reference frame can become allowed
in another frame, which amounts to a severe breakdown of
the principle of relativity.
5Alternatively, these constraints could be interpreted as
fixing completely the parameters of Λµ(ω, q) as functions of
the parameters of Dµ(k, q), ω(1)µν(k, q) and ω(2)µν(k, q).
7. Examples
For Snyder-type spaces [30, 31]
xˆµ = xµϕ1(p
2) + (x · p)pµϕ2(p
2) + pµχ(p
2), (32)
the relativistic addition of momenta is covariant
under standard Lorentz transformations with no
momentum dependence of Lorentz transformations:
ω(1) = ω(2) = ω.
For general uµ vector-like deformations of
Minkowski space at first order in M−1, the real-
ization is given by:
xˆµ = xµ + c1xµ(u · p) + c2uµ(x · p)+
c3uµ(u · x)(u · p) + c4(u · x)pµ +O(M
−2).
(33)
where u2 ∈ {−1, 0, 1}.
The commutator of coordinates is of the form
[xˆµ, xˆν ] = i(aµxˆν − aν xˆµ) +O(M
−2) (34)
where aµ = (c1 − c2)uµ.
The basis Xµ, Pµ is given by:
Xµ = xµ − d1xµ(u · p)− d1uµ(x · p)
− 2d3uµ(u · x)(u · p)− 2d4(u · x)pµ
+O(M−2)
(35)
Pµ = pµ + d1(u · p)pµ + d2uµp
2
+ d3(u · p)
2uµ +O(M
−2)
(36)
In 1+1 dimensions, the rapidities ω(1)(k, q) and
ω(2)(k, q) are
ω(1)(k, q) = [1− (c2 + d1)u · q]ω,
ω(2)(k, q) = [1− (c1 + d1)u · k]ω.
(37)
(there is only one possible infinitesimal Lorentz
transformation in 1+1 dimensions, it is the boost in
the 1-direction, and therefore the rapidity param-
eter has no indices). To further clarify the phys-
ical meaning of these expressions, Eq. (37) gives
the rapidity ω(1)(k, q) with which the momentum
k transform, and the rapidity ω(2)(k, q) with which
momentum q transform, given the rapidity ω with
which the composed momentum k ⊕ q transform,
if k, q and k ⊕ q participate in a trivalent vertex,
according to formula (31).
In the κ-Poincare´ case, the d’s are given in terms
of the c’s by
d1 = −c2, d2 = −
c1 − c2 + c4
2
, d3 = −
c3
2
. (38)
5
The rapidities ω(1)(k, q) and ω(2)(k, q) then simplify
to (again in 1 + 1 dimensions)
ω(1)(k, q) = ω,
ω(2)(k, q) = (1− a · k)ω,
(39)
which coincides with the results found in [28] and
related references.
8. Outlook and discussion
By using general nonlinear redefinitions of the
basis of the Heisenberg algebra (with the only as-
sumption of being up-to-linear order in the coor-
dinates xµ), we were able to encompass within a
unified framework a large class of noncommutative
spacetimes. Within this framework, we have a pre-
scription to uniquely determine the effect of com-
bining two plane waves, which gives a composition
rule for momenta that deforms the momentum con-
servation laws of special relativity into a nonlinear
operation. Moreover, in our framework, we have
unique prescriptions that characterize the momenta
and determine the Hopf algebroid structure. These
algebraic structures have been recognized to be the
suitable framework to describe the symmetries of
noncommutative spacetimes. Finally, we studied
how to introduce Lorentz symmetry in our frame-
work: this cannot be done uniquely, as it intro-
duces a certain degree of arbitrariness (in a pertur-
bative approach this amounts to a few free parame-
ters). However, this arbitrariness is constrained by
the requirement of relativistic invariance of the mo-
mentum composition law. The recently-discovered
phenomenon of momentum-dependence of Lorentz
transformations [28] (i.e. the rapidity with which
momenta participating to a vertex transform de-
pends on the momenta) was found to constrain the
form of the acceptable Lorentz transformations. To
show the applicability of the framework we pre-
sented, we concluded this Letter with two examples:
one is a class of noncommutative spacetimes which
generalizes that introduced by Snyder in 1947 [8].
This example leads to no momentum-dependence
effect and no deformation of the Lorentz group ac-
tion. The second one is a generalization of the
so-called κ-Minkowski spacetime, which is the first
one for which the momentum-dependence effect
was discovered. The phenomenon of momentum-
dependence of Lorentz transformations could have
interesting phenomenological consequences. For ex-
ample, in astrophysical settings one can have high-
energy particles emitted from high-redshift sources.
This is a situation in which both the momenta in-
volved in a process and the rapidity identifying the
reference frame are appreciably large (in Planck
units), and the momentum-dependence effect might
become manifest.
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